The photon energy spectrum in inclusive weak radiativeB → X s γ decay is computed to order α 2 s β 0 . This result is used to extract a value for the HQET parameterΛ from the average 1 − 2E γ /m B , and a value of the parameter λ 1 from (1 − 2E γ /m B ) 2 . An accurate measurement of 1 − 2E γ /m B can determine the size of the nonperturbative contributions to the Υ(1S) mass which cannot be absorbed into the b quark pole mass.
Comparison of the measured weak radiativeB → X s γ decay rate with theory is an important test of the standard model. In contrast to the decay rate itself, the shape of the photon spectrum is not expected to be sensitive to new physics, but it can nevertheless provide important information. First of all, studying the photon spectrum is important for understanding how precisely the total rate can be predicted in the presence of an experimental cut on the photon energy [1] , which is important for a model independent interpretation of the resulting decay rate. Secondly, moments of the photon spectrum may be used to measure the heavy quark effective theory (HQET) parameters which determine the quark pole mass and kinetic energy [2, 3] , much like the shape of the lepton energy [4] or hadronic invariant mass [5] spectrum in semileptonicB → X c ℓν decay. The main purpose of this paper is to present the order α 2 s β 0 piece of the two-loop correction to the photon spectrum, and to study its implications. A calculation to this order is required for a meaningful comparison of the HQET parameters extracted fromB → X s γ with those from other processes.
To leading order in small weak mixing angles the effective Hamiltonian is
where G F is the Fermi constant, V ij are elements of the Cabibbo-Kobayashi-Maskawa matrix, C i (µ) are Wilson coefficients evaluated at a subtraction point µ, and O i are the dimension six operators 
In Eq. (2), e is the electromagnetic coupling, g is the strong coupling, m b is the b quark mass, 
For the photon energy, E γ , not too close to its maximal value, the photon spectrum dΓ/dE γ for weak radiative B decay has a perturbative expansion in the strong interaction fine structure constant α s . It is known at order α s and the main purpose of this letter is to present the order α 2 s β 0 (so-called BLM [9] ) contribution. It is well known that the part of the order α 2 s piece proportional to the one-loop beta function, β 0 = 11 − 2n f /3 usually provides a reliable estimate of the full order α 2 s piece. This part of the order α 2 s contribution is straightforward to compute using the method of Smith and Voloshin [10] .
Using the dimensionless variable
1 , x b = 2E γ /m b , the photon energy spectrum inB → X s γ takes the form
where
is the contribution of the tree level matrix element of O 7 to the B → X s γ decay rate, and
The sums over i, j in Eq. (5) give the contributions of the various operators in Eq. (2) to the photon energy spectrum.
It is important to note that since the coefficients in H eff are known only to NLO accuracy, calculable in the leading logarithmic approximation [11, 12] . There is some data on D q→γ (x), however, the experimental errors are still quite large [13] . This fragmentation contribution to the coefficients a ij 0 (x) vanishes as x b → 1, and it is small in the region of large x b , 0.65 < x b , which we consider in this paper.
A very important B decay background to theB → X s γ photon spectrum is from nonleptonic b → cūd and b → uūd decays, where a massless quark in the final state radiates a photon. Such backgrounds due to the operators
are shown in Fig. 1 (using |V ub /V cb | = 0.1). We used the Duke-Owens parameterization of the fragmentation function [14] , setting Λ = 1.3 GeV and
(This value of Λ is motivated by a fit to the ALEPH data [13] .) The uncertainty of this result is sizable, since 
2 Therefore, we will concentrate on the region 
where D s→γ (x) and D g→γ (x) are the strange quark to photon and gluon to photon fragmentation functions, which have large uncertainties. In the region x b > 0.65, the a Experimentally, because of backgrounds, onlyB → X s γ photons with large energies can be detected. The present experimental cut is E γ > 2.1 GeV at CLEO [1] , which corresponds to x b > 0.875 with m b = 4.8 GeV. In the large x b region the most important contribution to the sum in Eq. (5) 
Neglecting the small A 0 term in Eq. (3), we can calculate the shape of the photon spectrum away from x = 1 to order α 
The strange quark mass is neglected throughout this paper; it only enters the final results quadratically, as m We find it most useful to present simple approximations to these functions (light hadrons). There will be large corrections to the part of the charm quark loop where the cc are almost on-shell and have the same velocity. In this region there are large "Coulombic QCD corrections" that produce the J/ψ state. However, cutting this small part of the cc phase space out of our calculation of the matrix element of O 2 has a negligible effect. Hence, at the order of perturbation theory to which we are working, calculating the cc loop while removing J/ψ's from the data would be a consistent approximation.
The sum of the 77, 22, 78, and 27 contributions is plotted in Fig. 2 in the region 0.65 < x b < 0.9 (using α s (m b ) = 0.22 and β 0 = 25/3). For very large x, other effects that we have not calculated become important. There are both nonperturbative and perturbative terms that are singular as x → 1. They sum into a shape function that modifies the spectrum in this region [18] . Unfortunately, at the present time, it is not possible to make a model independent estimate of these effects. Therefore, we do not plot the perturbation theory predictions for x b > 0.9. In the plotted region, the 22, 78, and 27 terms make a moderate correction to the dominant 77 contribution to (1/Γ 0 )dΓ/dx, which is shown in Fig. 2 
For x B within a region of order Λ QCD /m B of unity (its maximal value) nonperturbative effects are very important. However, for integrals of x B over a large enough range these nonperturbative effects are small.
An important integral of this type is
The parameter δ = 1 − 2E min γ /m B has to satisfy δ > Λ QCD /m B ; otherwise nonperturbative effects are not under control. It is straightforward to show that
Note that all terms but the first one in Eq. (16) 
B p have decompositions analogous to Eq. (5),
Neglecting B 0 (δ), Eqs. (7) and (9) yield for the dominant 77 contribution
Our prediction for 1 − x b | x b >1−δ is shown in Fig. 3 as a function of δ, both at order α s and α [1] , we obtain the central valuesΛ α 2 s β 0 ≃ 270 MeV and Λ αs ≃ 390 MeV. We have indicated the order kept in the perturbation expansion to determinē Λ, since a value ofΛ extracted from data can only be used consistently in predictions valid to the same order in α s . These values are consistent with the ones obtained from a fit to theB → X c ℓν lepton spectrum [4] , and from the CLEO fit [21] to theB → X c ℓν hadron mass distribution [5] .
At the present time this extraction ofΛ has large uncertainties. The potentially most serious one is from both nonperturbative and perturbative terms that are singular as x → 1 and sum into a shape function that modifies the spectrum near the endpoint. A model independent determination of these effects is not available at the present time, however, it may be possible to address this issue using lattice QCD [22] . For sufficiently large δ these effects are not important. It has been estimated that they may be significant even if the cut on the photon energy is lowered to around E γ = 2 GeV [23, 24] , but this is based on phenomenological models. We have implicitly neglected these effects throughout our analysis. The validity of this can be tested experimentally by checking whether the value of Λ extracted from Eq. (16) is independent of δ in some range. This would also improve our confidence that the total decay rate in the region x B > 1−δ can be predicted in perturbative QCD without model dependence.
The value ofΛ at order α s has a sizable scale dependence: lowering the scale such that terms in the OPE [24] are largely uncorrelated to those in the analyses of the lepton energy or hadron mass spectra inB → X c ℓν [25] . The effect of the boost from the B rest frame (16) is
where ǫ ≡ 1 denotes the order in the upsilon expansion. For E γ > 2.1 GeV this relation gives 0.111, whereas the central value from the CLEO data is around 0.093. 4 In Fig. 4 we plot the prediction for (1 − x B )| x B >1−δ as a function of δ, both at order ǫ and (ǫ 2 ) BLM . The perturbation expansion is much better behaved than the one shown in Fig. 3 . The most important uncertainty in this approach is the size of nonperturbative contributions to the Υ(1S) mass other than those which can be absorbed into the b quark mass. These have been neglected in Eq. (22) . If the nonperturbative contribution to the Υ(1S) mass, ∆ Υ , were known, it could be included by replacing m Υ by m Υ − ∆ Υ . For example, ∆ Υ = +300 MeV 4 It is interesting to note that including the CLEO data point in the 1.9 GeV < E γ < 2.1 GeV bin, the experimental central value of (1 − x B ) over the region E γ > 1.9 GeV is 0.117, whereas the upsilon expansion predicts 0.120. increases (1 − x B ) by 21%, so measuring (1 − x B ) with such accuracy will have important implications for the physics of quarkonia as well as for B physics.
The variance of the photon energy distribution can be used to determine λ 1 [3, 24] . The analog of Eq. (16) in this case is
where β ≃ 0.064 is the magnitude of the velocity of the B meson in the Υ(4S) rest frame, and only the leading β-dependence has been kept. The ellipses denote terms of In summary, we calculated order α 2 s β 0 corrections to the shape of the photon energy spectrum in weak radiativeB → X s γ decay. The dominant 77 contribution is given by simple analytic formulae in Eqs. (7) and (9) . The other terms relevant in the region x b > 0.65 are the 22 and 27 contributions given in Eqs. (11) and (12) , and the 78 term given in Eqs. (8) and (10) . The HQET parameterΛ can be extracted from the average 1 − 2E γ /m B using Eq. (16) , and it can also be used to test whether the nonperturbative contribution to the Upsilon mass is small. The CLEO data in the region E γ > 2.1 GeV implies the central valuesΛ αs ≃ 390 MeV andΛ α 2 s β 0 ≃ 270 MeV at order α s and α 2 s β 0 , respectively. Possible contributions to the total decay rate from physics beyond the standard model are unlikely to affect this determination ofΛ. In the future, checking the δ-independence of the extracted value ofΛ, and comparing the experimental and theoretical shapes of the photon spectrum for x b < 0.9 can provide a check that nonperturbative effects and backgrounds are under control. This would also improve our confidence that the total decay rate in the region x B > 1 − δ can be predicted model independently, and used to search for signatures of new physics with better sensitivity.
